In February and March 2008 it was temporarily not possible to calibrate the standard Gaussian Base correlation model to the complete set of CDX.IG and ITRAXX.IG CDO tranche quotes. For instance, in CDX.IG it failed for the 15% -30% senior tranche and hence the sucessive 30% -100% tranche. The reason is that the Gaussian Base correlation model was not able to generate enough probability for high portfolio losses, while preserving the calibration to mezzanine and equity tranches. We introduce a Gaussian Base correlation model with correlated stochastic recovery rates to overcome this problem. Moreover, our model can be used to price super senior tranches (e.g. 60% -100%), which have a fair spread of zero in a standard copula model with fixed recovery.
Introduction
In February and March 2008 it was temporarily not possible to calibrate the Gaussian Base correlation model to CDX.IG and ITRAXX.IG CDO market quotes of senior tranches (.e.g 15% -30% in CDX). The reason is that the Gaussian Base correlation was not able to generate enough probability for high portfolio losses while preserving the calibration to mezzanine and equity tranches. We introduce a Gaussian Base Correlation model with correlated stochastic recovery rates to overcome this calibration problem. We this extension the calibration range of the Base correlation model is significantly widen and in addition it will enable us to price super senior tranches with attachment points outside the range of fixed recoveries. Random recovery was already introduced by [1, Andersen, Sidenius (2004) ]. They modelled the recovery rate as a function of the common market factor and additional idiosyncratic risk factors. In contradiction to this approach, in our model the recovery rate is driven by the default triggering factor which circumvents some technical issues. The discrete recovery rate distribution is user input and can arbitrarily be chosen.
The rest of the paper is organized as follows. In section 2 we shortly recapitulate the well-known Gaussian copula model and in section 3 we present our stochastic recovery extension. Section 4 contains the calibration results in distressed CDO markets and a derivation of the recovery correlation. Finally, we present our conclusion in section 5.
Standard Gaussian Copula Model
Let's assume the CDO index contains M obligors and the default probability of issuer m at time T i is labeled with q m i , where T i (i = 1, . . . , I) are the coupon payment dates (These probabilities are usually bootstrapped from the CDS quotes). The default triggering variable for X m i at time T i for debtor m is modelled by and
If issuer m defaults, the portfolio notional is reduced by the nominal N m times one minus the quoted recovery rate, namely N m (1 − REC m ). The cumulative loss L i until T i is thus given by
Conditioned on Z 0 i = z the loss distribution is a convolution of independent Bernoulli variables. Methods to calculate respectively approximate this loss distribution can be found amongst others in [ 
Let s be the annualized premium, Df i the (riskless) discount factors and α i the year fractions. The present values of the premium leg and credit leg are calculated as 1 
where for the equity tranches different correlation are used. Additional constraints maybe added to prevent from arbitrage.
Gaussian Copula Model with Stochastic Recovery
To induce stochastic recovery in the Gaussian copula framework we firstly choose for each obligor m a discrete (marginal) recovery distribution R m i conditioned on default (i.e. τ m < T i ) and r m j (j = 1, . . . , J) the attainable recovery rates, p m j (j = 1, . . . , J) the corresponding probabilities. While choosing the recovery rate distribution we have to make sure, that the average recovery rate equals the quoted recovery rate REC m , used for bootstrapping the survival probabilities. It is important to stress the fact, that the probabilities conditioned on default have that property, otherwise our model would not be consistent with the single name CDS market and thereby would not price the corresponding portfolio CDS correctly. A feasible distribution is for instance
60% with probability 40% 40% with probability 30% 20% with probability 20% 0% with probability 10%
.
Of course a finer distribution can be used, which could make sense for bespoke super senior tranches. But for standard tranches this distribution works very well.
An empirical analysis of the recovery rate distribution can be found in [6, Renault, Scaillet (2003)]. They investigate the shape of the recovery rate distributions for different seniorities from historical data and examine their approximations by the Beta distribution. They confirm the intuitive fact that the recovery rate distribution is skewed left for the most senior bonds and skewed right for junior debt. Moreover they conclude that the recovery rate distribution is "far from being Beta distributed". This is fortunately no issue for our model, since the recovery rate distribution can be chosen arbitrarily.
No we induce correlation to the recovery rates due the correlated default triggering factors X m i and additional thresholds c m ij :
We define the recovery rate R m i for coupon date T i and asset m via
The value we set the recovery rate in the "else"-case, actually doesn't matter because it doesn't enter the calculation of the loss distribution. By construction, we ensure that:
Hence, the correlation of two recovery rates is induced by the correlation of the default triggering factors {X m i } m=1,...,M in the same way as default correlation is induced. Since the marginal distribution of X m i is independent of the factor correlation, the marginal recovery rate distribution R m i is also independent of the factor correlation, which is particularly important for a Base correlation framework. An explicit derivation of the recovery correlation can be found in section 4.
The probability of default does obviously not change
The probabilities of the recovery rates conditioned on the common market factor Z 0 i are for 0 < ρ < 1: 
Numerical Results

Recovery Correlation
In this subsection we derive the default correlation and recovery correlation of two obligors. We present an example for the homogeneous case, where the default probabilities and recovery distributions are equal, and for the inhomogeneous case, where the default probabilities are different. Note that for a portfolio of 125 names there are 7750 of those for each payment date. We first introduce some notations: A pair of default triggering factors X m i and X n i is bivariate normal distributed with correlation ρ:
The density is
be the probability that (X, Y )(
is inside the specified rectangle. We calculate the recovery correlation conditioned that both names have defaulted.
Effectively, that means we have to divide all probabilities by the probability that both names have defaulted: 
From equations (3) and (8) we can conclude directly the not surprisingly fact that the recovery correlation is zero, if the factor correlation is zero. If the factor correlation is one, it does not necessarily mean that recovery correlation is one, which is neither the case for default time correlation.
In Table 1 and Table 2 we calculate the recovery and default correlations and the probabilities that both names default for different factor correlations. We use the recovery rate distribution shown in equation (2) . In Table 1 we show the results for different single default probabilities and in Table 2 for equal. The default correlation is defined by COR[1
Default Prob1 = 3% , Default Prob2 = 5% Note that the recovery rate correlation is quite low until 75%. Actually this is a nice result, because we need the impact of recovery correlation primarily for senior tranches where the copula correlation is usually high. In the homogeneous case we get for a factor correlation of 100% also a recovery and default correlation of 100%, since the default thresholds and factor distributions are identic, and so the recovery distributions.
Calibration of distressed CDOs
In this subsection we analyse how our new model performs in a distressed CDO market. We chose CDX.IG9 CDO market from 10. March 2008 (see Table  3 ). At this date, the index was on an all-time high and it was not possible to calibrate the senior tranche 15% -30% with standard Gaussian Base correlation model. Table 4 contains the calibration results for the standard Gaussian Base correlation model. Model quotes and corresponding Base correlation which does not match the market quotes are in brackets. The model fails to calibrate the 15% -30% tranche for all maturities, thereby also the deltas look strange in 5y.
In Table 5 we present the calibration results of our new model with stochastic recovery. We used again the recovery rate distribution from equation (2) . We can observe following improvements over the standard model. Firstly, the calibration works for all tranches. Secondly, the deltas are closer to the market data. Thirdly, The Base correlation levels are lower than in the standard case, which widens the calibration range for the senior tranches. Finally, the deltas are higher than in the standard Gaussian Base correlation, which is a common observation from more sophisticated valuation models.
Conclusion
We present a Gaussian Copula CDO model with stochastic recovery rates. By including additional "recovery thresholds" we induce recovery correlation driven by the usual factor correlation. Due to this extension, our model can be calibrated to the complete set of CDO tranche quotes also in distressed scenarios. Moreover, in our calibration example the deltas were closer to the market deltas as in the standard model. Since the recoveries are stochastic, portfolio losses of up to 100% are possible (while preserving the mean recovery), and so this model can also be used to handle super senior tranches like 60% to 100%. To realize this, just a Base correlation at 60% must be included in the calibration. The model is a practical extension of the well established Base correlation model, so it has the same drawbacks (which are mainly of theoretical nature) and all its benefits (which are mainly of practical nature). The calculation time of our model is not more than doubled in comparison to the standard model. The extension is obviously not restricted to Gaussian copulas and can also be used within other copulas models like Levy as well as Random Factor Loading models.
